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ep
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We develop a circuit theory that enables us to analyze quantum measurements on a two-level sys-
tem and on a continuous-variable system on an equal footing. As a measurement scheme applicable
to both systems, we discuss a swapping state measurement which exchanges quantum states between
the system and the measuring apparatus before the apparatus meter is read out. This swapping
state measurement has an advantage in gravitational-wave detection over contractive state measure-
ment in that the postmeasurement state of the system can be set to a prescribed one, regardless of
the outcome of the measurement.
PACS numbers: 03.65.Ta, 03.67.-a, 04.80.Nn
I. INTRODUCTION
Von Neumann has established a general framework
for quantum measurement by postulating that any in-
direct measurement can be decomposed into two distinct
parts [1]. The first part involves unitary transformation
that transfers the information of interest from the mea-
sured system to the measuring apparatus. The second
part involves nonunitary transformation that achieves
the realization of a particular outcome of the measure-
ment by the projection postulate. The adjective indirect
implies that the projection postulate is applied not to the
measured system but to the measuring apparatus. As an
illustrative example, von Neumann constructed a model
for the position measurement of a massive particle which
is referred to as von Neumann measurement (VNM).
VNM satisfies Heisenberg’s noise-disturbance uncer-
tainty relation [2, 3] and sets the standard quantum limit
(SQL) [4, 5] on the accuracy of repeated position mea-
surements. This noise-disturbance uncertainty relation
refers to a trade-off relation between the noise added to
a system’s observable and the disturbance generated in
the conjugate observable due to the back-action of the
measurement. The measurement noise of observable Aˆ
is defined by the difference between the probability distri-
bution of obtaining a measurement outcome and the cor-
responding probability distribution calculated from the
premeasurement state of the system according to Born’s
probability axiom [3]. If there is no difference for an ar-
bitrary input state of the system, then the measurement
of observable Aˆ is said to be noiseless. In 1983, Yuen
suggested the possibility of a contractive state measure-
ment (CSM) in which Heisenberg’s noise-disturbance un-
certainty relation is violated and the SQL is surpassed [6].
Ozawa subsequently presented a concrete model that vin-
dicates Yuen’s conjecture [7, 8].
In the present paper we discuss a swapping state mea-
surement (SSM) in which quantum states are exchanged
between the measured system and the measuring appa-
ratus before the projection postulate is applied to the
apparatus [9]. While VNM, CSM, and SSM are all noise-
less, SSM is unique in that it is noiseless for an arbitrary
observable. As discussed in Sec. VC, SSM has the advan-
tage over CSM in gravitational-wave detection in respect
of experimental implementation of the measuring appara-
tus. SSM is shown to be described with three SUM gates,
where the SUM gate is the continuous-variable counter-
part of the controlled-NOT (CNOT) gate [10, 11, 12]. In
contrast, VNM and CSM can be respectively described
with one and two SUM gates [13]. We discuss the two-
level counterparts of these three models and develop a
quantum circuit theory to establish complete parallelism
between continuous-variable systems and two-level sys-
tems.
This paper is organized as follows. In Sec. II, we dis-
cuss noiseless measurements on a two-level system, and
describe the two-level counterparts of VNM, CSM, and
SSM in terms of CNOT gates. In Sec. III, we discuss
three noiseless measurements on a continuous-variable
system in terms of SUM gates. In Sec. IV, we construct
a concrete Hamiltonian for each model and express the
corresponding unitary transformation in terms of single-
qubit rotations and the SWAP operator. We also de-
compose unitary transformation in a continuous-variable
system into a phase-shift operator, squeezing operator
and beam-splitter operator to enable experimental im-
plementation of the models. In Sec. V, we discuss basic
properties of the three noiseless measurements and com-
pare SSM and CSM for use in gravitational-wave detec-
tion. In Sec. VI, we summarize the main results of this
paper.
Throughout this paper we refer to a measured system
and a measuring apparatus simply as system and probe,
respectively. We shall, as with VNM [1] and CSM [7, 8],
ignore the free parts of the Hamiltonian and focus only
on the interaction between the system and the probe.
2II. QUANTUM MEASUREMENT IN A
TWO-LEVEL SYSTEM
We consider a situation in which the system and the
probe are both two-level systems with their initial states
given by
|ψ〉s = a|+〉s + b|−〉s, (1)
|φ〉p = c|+〉p + d|−〉p, (2)
where a, b, c, d are complex numbers, and |±〉 stand for
the eigenstates of the Pauli σˆz operator with eigenvalues
sz = ±1. We assume that both system state |ψ〉s and
probe state |φ〉p are normalized to unity.
A. CNOT measurement
Let us first consider a CNOT measurement. A unitary
operation of CNOT measurement is performed by the
CNOT circuit [14, 15] illustrated in Fig. 1. If the input
state of the system is |+〉s, the output state of the probe
is the same as its input state (|±〉p → |±〉p). If it is |−〉s,
the parity of the output state of the probe is reversed
(|±〉p → |∓〉p).
s|ψ〉
p|φ〉
FIG. 1: CNOT circuit.
Output state |Ψ〉CNOTs+p of the CNOT circuit for input
states (1) and (2) is given by
|Ψ〉CNOTs+p = UˆCNOTs-p |ψ〉s|φ〉p
= (ac|+〉s + bd|−〉s) |+〉p + (ad|+〉s + bc|−〉s) |−〉p.
(3)
Suppose that we perform a projection measurement of σˆz
on the output state of the probe. Then the probabilities
of obtaining outcomes szp = ±1 are given by
PCNOT
[
szp = 1
]
= |ac|2 + |bd|2,
PCNOT
[
szp = −1
]
= |ad|2 + |bc|2. (4)
When c = 1 and d = 0, Eq. (4) reduces to
PCNOT
[
szp = 1
]
= |a|2,
PCNOT
[
szp = −1
]
= |b|2. (5)
These probabilities coincide with |s〈±|ψ〉s|2 which can
be expected from Born’s probability axiom. The CNOT
measurement is therefore a noiseless measurement of sys-
tem’s σˆz if the probe state is properly chosen, i.e., if c = 1
and d = 0. The postmeasurement states of the system
|ψ′〉s for outcomes szp = ±1 are then given by
|ψ′〉CNOTs = |±〉s. (6)
We note that the postmeasurement states of the CNOT
measurement depend only on the outcome of the mea-
surement.
The indirect measurement can be operationally de-
scribed by a set of measurement operators {Mˆm} that
directly act on the measured system [16, 17] and satisfy
completeness relation
∑
m Mˆ
†
mMˆm = Iˆ. Let the premea-
surement state of the system be |ψ〉. The probability of
outcome m being found is then given by
P (m) = 〈ψ|Mˆ †mMˆm|ψ〉, (7)
and corresponding postmeasurement state |ψ′〉m of the
system is given by
|ψ′〉m = Mˆm|ψ〉√
〈ψ|Mˆ †mMˆm|ψ〉
. (8)
It follows from Eqs. (5)-(8) that the CNOT measurement
with c = 1 and d = 0 can be characterized with measure-
ment operators
MˆCNOT± = |±〉ss〈±|. (9)
B. Double CNOT measurement
Let us next consider a double CNOT (DCNOT) mea-
surement. A unitary operation of the DCNOT measure-
ment is represented by the DCNOT circuit illustrated in
Fig. 2.
s|ψ〉
p|φ〉
FIG. 2: Double CNOT (DCNOT) circuit.
Output state |Ψ〉DCNOTs+p of the DCNOT circuit for in-
put states (1) and (2) is given by
|Ψ〉DCNOTs+p = UˆDCNOTs-p |ψ〉s|φ〉p
= (c|+〉s + d|−〉s) a|+〉p + (d|+〉s + c|−〉s) b|−〉p.
(10)
3Suppose that we perform a projection measurement of σˆz
on the output state of the probe. Then the probabilities
of obtaining outcomes szp = ±1 are given by
PDCNOT
[
szp = 1
]
= |a|2,
PDCNOT
[
szp = −1
]
= |b|2. (11)
These probabilities are independent of the state of the
probe, unlike the case of the CNOT measurement in
Eq. (4). The corresponding postmeasurement states of
the system are given by
|ψ′+〉DCNOTs = c|+〉s + d|−〉s for szp = 1,
|ψ′−〉DCNOTs = d|+〉s + c|−〉s for szp = −1. (12)
The postmeasurement state now depends not only on the
outcome of the measurement but also on the state of the
probe. It follows from Eqs. (7), (8), (11) and (12) that
the DCNOT measurement is characterized with measure-
ment operators
MˆDCNOT± = |ψ′±〉DCNOTs s〈±|. (13)
C. Swapping state measurement
Let us now consider the swapping state measurement
(SSM). Swap operator UˆSWAP exchanges quantum states
between the system and the probe and is defined by [14]
UˆSWAP(|ψ〉s|φ〉p) = |φ〉s|ψ〉p. (14)
A unitary circuit of SSM can be expressed in terms of
three CNOT gates as illustrated in Fig. 3.
s|ψ〉
p|φ〉
FIG. 3: SWAP circuit.
Output state |Ψ〉SWAPs+p of the SWAP circuit for input
states (1) and (2) is given by
|Ψ〉SWAPs+p = (c|+〉s + d|−〉s)(a|+〉p + b|−〉p). (15)
We note that this is not an entangled state but a product
state. Suppose that we perform the projection measure-
ment of σˆz on the output probe state. Then the proba-
bilities of obtaining outcomes szp = ±1 are given by
PSWAP
[
szp = 1
]
= |a|2, (16)
PSWAP
[
szp = −1
]
= |b|2, (17)
which are independent of the state of the probe as in
the case of the DCNOT measurement in Eq. (11). Post-
measurement state of the system |ψ′〉s is given for both
szp = 1 and s
z
p = −1 by
|ψ′〉SWAPs = c|+〉s + d|−〉s, (18)
indicating that the postmeasurement state of the system
is independent of the measurement outcome and is iden-
tical to the state of the probe. We may use this property
to designate the postmeasurement state of the system by
preparing the initial probe state. It follows from Eqs. (7),
(8), (15), and (18) that SSM can be characterized by
measurement operators
MˆSWAP± = |φ〉ss〈±|. (19)
While we consider here the Pauli σˆz measurement, the
present noiseless measurement scheme can be applied to
an arbitrary observable by using a similar SWAP circuit
because the SWAP circuit exchanges quantum states be-
tween the system and the probe.
III. QUANTUM MEASUREMENT IN A
CONTINUOUS-VARIABLE SYSTEM
We consider a situation in which both the system and
the probe are one-dimensional, having canonically conju-
gate observables xˆ, pˆx ([xˆ, pˆx] = i) and yˆ, pˆy ([yˆ, pˆy] = i),
respectively. Let the initial wave functions of the system
and the probe be given by 〈x|ψ〉 = ψ(x) and 〈y|φ〉 = φ(y),
respectively, which we assume to be normalized to unity.
A. General unitary transformation
Let us consider unitary transformation Uˆ such that
Uˆ(a, b, c, d)ψ(x)φ(y) = ψ(ax + by)φ(cx+ dy), (20)
where a, b, c and d are real numbers. The unitarity con-
dition of U implies that∫ ∣∣ψ(x)φ(y)∣∣2dxdy = ∫ ∣∣ψ(ax+ by)φ(cx+ dy)∣∣2dxdy,
(21)
which is satisfied if and only if the following condition is
met:
ad− bc = ±1, (22)
where the minus sign implies that an odd parity inversion
is involved in the unitary transformation (see Eqs. (25)
and (28) below).
We define von Neumann unitary operators Vˆxpy and
Vˆypx as
Vˆxpy (α) ≡ exp(−iαxˆpˆy), (23)
Vˆypx(α) ≡ exp(−iαyˆpˆx), (24)
4where α is a real number. For α = 1, we refer to the von
Neumann operator as a SUM gate which is known as a
continuous-variable analog of a CNOT gate [10, 11, 12].
We also define parity inversion operator Πˆy of the probe
as
Πˆyφ(y) = φ(−y). (25)
We now show that unitary operator Uˆ can be decom-
posed into a product of Vˆxpy , Vˆypx and Πˆy . In fact, for
p = 0 or 1, we have
Vˆxpy (γ)Vˆypx(β)Vˆxpy (α)Πˆ
p
yψ (x)φ (y)
=Vˆypx(γ)Vˆxpy (β)ψ (x)φ [(−1)p(y − αx)]
=Vˆypx(γ)ψ(x− βy)φ ((−1)p [y − α(x − βy)])
=ψ [(1 + βγ)x− βy]
×φ [(−1)p+1(α+ γ + αβγ)x +(−1)p(1 + αβ)y] .
(26)
The last term is cast into the form of ψ(ax+by)φ(cx+dy)
if the conditions
a = 1 + βγ,
b = −β,
c = (−1)p+1(α+ γ + αβγ),
d = (−1)p(1 + αβ), (27)
are met. It follows from Eq. (27) that parameters a, b, c
and d satisfy
ad− bc = (−1)p, (28)
and that unitary operator U(a, b, c, d) can be decomposed
into
Uˆ(a, b, c, d) = Vˆxpy (γ)Vˆypx(β)Vˆxpy (α)Πˆ
p
y . (29)
We thus find that unitary operator Uˆ can be decomposed
into three basic quantum gates Vˆypx , Vˆxpy and Πˆy as
illustrated in Fig. 4.
ψ(x)
φ (y) Πp xpy xpyγαy
ypβ x
FIG. 4: Circuit representation of general unitary transforma-
tion U in Eq. (20) in terms of three basic quantum gates Vˆypx ,
Vˆxpy and Πˆy (see Eq. (29) for the mathematical expression).
B. Von Neumann position measurement
Von Neumann measurement (VNM) is a prototypi-
cal indirect measurement on a continuous-variable sys-
tem [1]. Unitary transformation Uˆ corresponding to von
Neumann’s position measurement is given by Eq. (29)
with (a, b, c, d) = (1, 0,−1, 1). We consider here
a generalized unitary transformation characterized by
(a, b, c, d) = (1, 0,−λ, 1), where parameter λ is a real pos-
itive number. We shall refer to λ as a scaling parameter
because it leads to a scale transformation of the probabil-
ity distribution as discussed next. We find from Eq. (27)
that the parameters characterizing the circuit represen-
tation are (p, α, β, γ) = (0, 0, 0, λ) which gives the VNM
circuit as illustrated in Fig. 5.
λ xpy(y)φ
ψ (x)
FIG. 5: VNM circuit representation of a generalized von Neu-
mann’s position measurement.
We assume that the input state for VNM is ψ(x)φ(y),
where ψ(x) and φ(y) are the respective wave functions of
the system and the probe. The output state of the VNM
circuit is then given by
Uˆ(1, 0,−λ, 1)ψ(x)φ(y) = ψ(x)φ(y − λx). (30)
Suppose that we perform position measurement on the
probe for the state represented by Eq. (30). The prob-
ability of finding an outcome in a ≤ y ≤ a + da is then
given by
P{a ≤ y ≤ a+ da} = da
∫
|ψ(x)|2|φ(a− λx)|2dx. (31)
Hence, we find that as the probe’s initial probability dis-
tribution |φ(y)|2 approaches δ(y), Eq. (31) reduces to
P{a ≤ y ≤ a+ da} = 1
λ
∣∣∣ψ (a
λ
)∣∣∣2 da. (32)
We note that probability distribution (32) can be ob-
tained from distribution |ψ(a)|2 by reducing its magni-
tude by a factor of λ and expanding the scale of the ar-
gument by the same factor. The scaling parameter thus
leads to a scale transformation of the probability distri-
bution. In the special case of λ = 1, the probability dis-
tribution reduces to |ψ(a)|2 which is to be expected from
Born’s probability axiom; this measurement is therefore
a noiseless measurement of position x of the system.
5Returning to the case of Eq. (31). Corresponding post-
measurement system state ψ′a(x) is given by
ψ′a(x) =
ψ(x)φ(a − λx)
(
∫ |ψ(x)|2|φ(a− λx)|2dx)1/2 . (33)
This wave function approaches [δ(x − a/λ)]1/2 as the
probe’s initial probability distribution |φ(y)|2 approaches
δ(y). This implies that the postmeasurement state ap-
proaches an eigenstate of the position operator as the
position measurement of the probe becomes noiseless. In
particular, when λ = 1 and |φ(y)|2 = δ(y), VNM is char-
acterized by measurement operator Mˆa = |a〉〈a|. Com-
paring this with Eq. (9), we find close similarity between
VNM and the CNOT measurement.
The scaling parameter can be used to improve the
precision of VNM [18]. As an example, let us con-
sider the situation in which the initial probability dis-
tribution of the system is known to be delta function
|ψ(x)|2 = δ(x − α) but its location α is unknown. It
follows from Eqs. (31) and (33) that the probability dis-
tribution for the measurement outcome of the probe is
given by P{a ≤ y ≤ a + da} = |φ(a − λα)|2da and that
the corresponding postmeasurement state of the system
is given by |ψ′a(x)|2 = δ(x − α). Hence, we may regard
this measurement as a quantum nondemolition measure-
ment of the position because its probability distribution
does not change before and after the measurement. By
properly choosing the origin of the probe’s coordinate,
we can always set
∫
y|φ(y)|2dy = 0. The signal-to-noise
(S/N) ratio of the measurement is then given by
S
N
≡
(∫
aP (a)da
)2∫
a2P (a)da− (∫ aP (a)da)2 =
λ2α2
d2
, (34)
where P (a) = |φ(a − λα)|2 and d ≡
√∫
y2|φ(y)|2dy.
Equation (34) shows that, even if the signal-to-noise ratio
of the probe is low, we can measure the position of the
system to the desired precision by choosing sufficiently
large scaling parameter λ.
C. Contractive state measurement
The notion of contractive state measurement (CSM)
has been discussed by Yuen [6], and a concrete math-
ematical model of the CSM has been proposed by
Ozawa [7, 8]. Unitary transformation Uˆ of CSM pro-
posed by Ozawa is given by Eq. (20) with (a, b, c, d) =
(0, 1,−1, 1). We generalize the parameter space of the
unitary transformation to (a, b, c, d) = (0, λ−1,−λ, 1),
where λ is a scaling parameter. The parameters describ-
ing the equivalent circuit are then given from Eq. (27)
as (p, α, β, γ) = (0, 0,−λ−1, λ), and corresponding CSM
circuit is illustrated in Fig. 6 [13].
Suppose that the input state of the CSM circuit is
given by ψ(x)φ(y). The output state is calculated to be
Uˆ(0, λ−1,−λ, 1)ψ(x)φ(y) = ψ (y/λ)φ (y − λx) . (35)
λ xpy(y)
(x)ψ λ- -1ypx
φ
FIG. 6: Circuit representation of generalized contractive state
measurement.
The probability of finding an outcome in a ≤ y ≤ a+ da
for the probe is given by
P{a ≤ y ≤ a+ da}
= da
∫
|ψ(a/λ)|2|φ(a− λx)|2dx
=
1
λ
∣∣∣ψ (a
λ
)∣∣∣2 da.
(36)
We note that this probability in Eq. (36) is independent
of probe wave function φ in contrast to VNM, in which
the probability becomes independent of φ only if |φ(y)|2
is delta function (see Eq. (32)). The CSM measurement
is therefore a noiseless measurement for an arbitrary state
of the probe.
The postmeasurement state of the system, ψ′a(x), for
outcome y = a of the probe is found from Eq. (35) to be
ψ′a(x) =
√
λφ(a− λx). (37)
For the special case of λ = 1, CSM is characterized by
measurement operator Mˆa = |φa〉〈a|, where |φa〉 is de-
fined by 〈x|φa〉 = φ(a−x). Comparing this with Eq. (13),
we find close similarity between CSM and the DCNOT
measurement.
In respect of VNM, if the position measurement is
noiseless, then the postmeasurement state must be a
delta function. With CSM, in contrast, even if the po-
sition measurement is noiseless, the postmeasurement
state of the system can be an arbitrary wave function
as in Eq. (37). However, the postmeasurement state de-
pends on outcome a of the probe.
D. Swapping state measurement
We consider here a model for quantum measurement
which we shall refer to as swapping state measurement
(SSM). Although the notion of SSM has been discussed
in Ref. [9], a unitary transformation between the system
and the probe that characterizes SSM has not been dis-
cussed. Unitary transformation Uˆ of SSM is given by
Eq. (20) with (a, b, c, d) = (0, λ−1, (−1)p+1λ, 0), where λ
is a scaling parameter and p takes on 0 or 1. It follows
6from Eq. (27) that the parameters describing the equiv-
alent circuit are given by (α, β, γ) = (λ,−λ−1, λ), the
corresponding SSM circuit being illustrated in Fig. 7.
ψ(x)
φ (y) Πp xpy xpyλλy
− ypxλ
−1
FIG. 7: Circuit representation of swapping state measure-
ment.
Let the input state of SSM be ψ(x)φ(y). The output
state is then given by
Uˆ(0, λ−1, (−1)p+1λ, 0)ψ(x)φ(y)
=ψ (y/λ)φ
(
(−1)p+1λx) . (38)
We note that the output is not an entangled state but a
product state unlike the cases of VNM and CSM. Com-
paring the output state with the input one, we find that
the SSM circuit exchanges quantum states between the
system and the probe, and rescales the coordinate of the
system and that of the probe by a factor of λ and λ−1,
respectively. In addition, the odd (even) parity transfor-
mation is applied to the probe for p = 0 (p = 1). In the
special case of λ = 1 and p = 1, the output state is given
by
Uˆ(0, 1, 1, 0)ψ(x)φ(y) = ψ(y)φ(x), (39)
which is the case in which the initial states of the system
and probe are swapped.
The probability of finding an outcome of probe in a ≤
y ≤ a+ da is given from Eq. (38) by
P{a ≤ y ≤ a+ da} = 1
λ
∣∣∣ψ (a
λ
)∣∣∣2 da, (40)
which is independent of probe wave function φ as in the
case of CSM. The postmeasurement state of the system
is given by
ψ′(x) =
√
λφ((−1)p+1λx). (41)
For the special case of λ = 1 and p = 1, SSM is char-
acterized by measurement operator Mˆa = |φ〉〈a|. Com-
paring this with Eq. (19), we find complete parallelism
between continuous-variable SSM and its two-level coun-
terpart. We also note that the postmeasurement system
state is independent of the measurement outcome, be-
cause the output state is a product state, unlike the cases
of VNM and CSM (see Eqs. (33) and (37)). Although we
have considered here position measurement, we empha-
size that the present noiseless measurement scheme can
be applied to an arbitrary observable by using a similar
SWAP circuit.
IV. INTERACTION HAMILTONIANS AND
UNITARY GATES
A. Two-Level Systems
1. Composition of Interaction Hamiltonians
We have shown that the DCNOT and SWAP circuits
can be respectively described by using two and three
CNOT gates. In this subsection we construct Hamil-
tonians describing the individual circuits.
Let us first consider an interaction Hamiltonian of the
CNOT circuit. It is known that the CNOT gate can be
described by the following unitary transformation [14]
UˆCNOTs-p =
Iˆ + σˆzs
2
+
Iˆ − σˆzs
2
σˆxp . (42)
Let us consider an operator defined by
Aˆ ≡ (Iˆ − σˆ
z
s )(Iˆ − σˆxp)
4
. (43)
By noting that operator Aˆ is idempotent (Aˆ2 = Aˆ), we
can derive the following equation:
exp
[
ipiAˆ
]
= Iˆ − 2Aˆ = UˆCNOTs-p . (44)
Therefore, the interaction Hamiltonian of the CNOT cir-
cuit is given by
HˆCNOTs-p = K(Iˆ − σˆzs )(Iˆ − σˆxp). (45)
We now consider an interaction Hamiltonian of the
DCNOT circuit. Let us define
Bˆ ≡ σˆ
y
s (Iˆ − σˆxp − σˆzp)− (Iˆ − σˆxs − σˆzs )σˆyp
2
√
3
. (46)
Operator Bˆ then satisfies Bˆ3 = Bˆ. As shown in Ap-
pendix A, we can use this to derive the following relation:
exp
[
2ipi
3
Bˆ
]
= UˆDCNOTs-p . (47)
It follows that an interaction Hamiltonian describing the
DCNOT circuit can be expressed by
HˆDCNOTs-p = K
[
σˆys (Iˆ − σˆxp − σˆzp)− (Iˆ − σˆxs − σˆzs )σˆyp
]
.
(48)
The interaction Hamiltonian of the SWAP circuit
is known to be an isotropic Heisenberg exchange-
interaction Hamiltonian between system spin Sˆs and
probe spin Sˆp [19] as
HˆSWAP ≡ K
(
Sˆs · Sˆp
)
, (49)
7where Sˆ = {σˆx, σˆy, σˆz} is a vector of Pauli matrices. In
fact, we can show that the unitary operator defined by
UˆSWAP = exp
[
ipi
4
Sˆs · Sˆp
]
, (50)
has the same effect as that in Eq. (14) except for the
overall phase factor.
2. Representations of unitary circuits in terms of
single-qubit rotations and
(
Uˆ
SWAP
)
α
operators
It is known that the CNOT circuit can be implemented
by using single-qubit rotations and two
(
UˆSWAP
)α
op-
erators [19, 20, 21], where
(
UˆSWAP
)α
is defined by
(
UˆSWAP
)α
≡ exp
[
α
ipi
4
Sˆs · Sˆp
]
. (51)
The CNOT circuit can be expressed as
UˆCNOTs-p = Uˆ
H
p exp
[
ipi
4
σˆzs
]
exp
[
− ipi
4
σˆzp
] (
UˆSWAP
)1/2
× exp
[
ipi
2
σˆzs
] (
UˆSWAP
)1/2
UˆHp , (52)
where UˆHp ≡ (σˆxp + σˆzp)/
√
2 is the Hadamard unitary
transformation on the probe.
On the other hand, the DCNOT circuit can also be
implemented by using single-qubit rotations and two(
USWAP
)α
operators. The DCNOT circuit can therefore
be described by
UˆDCNOTs-p = Uˆ
H
s exp
[
ipi
4
σˆzs
]
exp
[
− ipi
4
σˆzp
] (
UˆSWAP
)1/2
× exp
[
ipi
2
σˆzs
] (
UˆSWAP
)−1/2
UˆHp , (53)
where UˆHs ≡ (σˆxs + σˆzs )/
√
2. The CNOT and DCNOT
circuits can therefore be implemented by single-qubit ro-
tations and two
(
UˆSWAP
)α
operators.
B. Continuous-Variable Systems
1. Composition of Interaction Hamiltonians
We have discussed that VNM, CSM and SSM can be
respectively described by using one, two, and three SUM
(or von Neumann) gates. It is of interest to describe
these measurement processes in terms of single interac-
tion Hamiltonians. The interaction Hamiltonian of VNM
is given by Eqs. (23) and (24) as
HˆVNM = Kxˆpˆy. (54)
The interaction Hamiltonians of the CSM and the SSM
can be obtained by the composition of unitary gates. It
has been shown for real u, v, w [22] that
exp
[
u(xˆpˆx − yˆpˆy) + vyˆpˆx + wxˆpˆy
i
]
ψ(x)φ(y)
=ψ(ax+ by)φ(cx+ dy),
(55)
where D ≡√−(u2 + vw) and[
a b
c d
]
=
[
cosD − u sinDD −v sinDD
−w sinDD cosD + u sinDD
]
. (56)
A generalized CSM circuit can be characterized by
(a, b, c, d) = (0, λ−1,−λ, 1). From Eq. (56), the parame-
ters of the CSM circuit are given by
u =
pi
3
√
3
, v = − 2pi
3
√
3
λ−1, w =
2pi
3
√
3
λ. (57)
The interaction Hamiltonian of CSM is therefore given
by
HˆCSM = K
[
(xˆpˆx − yˆpˆy) + 2
(
λxˆpˆy − λ−1yˆpˆx
)]
. (58)
For λ = 1 this Hamiltonian reduces to that obtained by
Ozawa [7].
If we ignore parity gate Πˆy, the SSM circuit is char-
acterized by (a, b, c, d) = (0, λ−1,−λ, 0). From Eq. (56),
the parameters of the SSM circuit are given by
u = 0, v = −pi
2
λ−1, w =
pi
2
λ. (59)
The interaction Hamiltonian of SSM is therefore given
by
HˆSSMp=0 = K
(
λxˆpˆy − λ−1yˆpˆx
)
. (60)
For the special case of λ = 1, Eq. (60) reduces to [23]
HˆSSMp=0 |λ=1 = K(xˆpˆy − yˆpˆx). (61)
This Hamiltonian is proportional to the z component of
the angular momentum operator. Hence, the correspond-
ing unitary evolution amounts to a rotation on the x− y
plane, and therefore the time evolution governed by the
Hamiltonian in Eq. (61) leads to swapping of coordinates
x and y after an appropriate interaction time.
On the other hand, if we take parity gate Py
into consideration, the SSM circuit is characterized by
(a, b, c, d) = (0, λ−1, λ, 0). As shown in Appendix B, if
we define operator C as
Cˆ ≡ λxˆ
2 + λ−1pˆ2x
2
+
λ−1yˆ2 + λpˆ2y
2
−(xˆyˆ+pˆxpˆy)− 1
2
, (62)
we have
exp
[ pi
2i
Cˆ
]
ψ(x)φ(y) = ψ
(
λ−1y
)
φ (λx) . (63)
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HˆSSMp=1 = KCˆ. (64)
For the special case of λ = 1, Eq. (64) reduces to
HˆSSMp=1 |λ=1
=K
[
xˆ2 + pˆ2x
2
+
yˆ2 + pˆ2y
2
− (xˆyˆ + pˆxpˆy)− 1
2
]
.
(65)
We note here that Hamiltonian HˆSSMp=1 with λ = 1 is com-
posed of the two-dimensional harmonic-oscillator Hamil-
tonians and the interaction Hamiltonian. Until now, we
have assumed that the dynamics between the system and
the probe are only governed by the interaction Hamil-
tonian. This assumption implies that the interaction
Hamiltonian dominates the free Hamiltonians. In the
case of Hamiltonian HˆSSMp=1 , however, this assumption is
no longer valid.
2. Representation of unitary circuits in terms of
phase-shift, squeezing, and SWAP operators
We have already described continuous-variable mea-
surement processes in terms of von Neumann gates. How-
ever, it appears difficult to experimentally implement the
VNM and CSM circuits because the corresponding inter-
action Hamiltonians (54) and (58) are rather artificial.
Here we express the VNM and CSM circuits in terms
of the phase-shift operator, two-mode squeezing opera-
tor and SWAP operator [3, 12, 18, 24], all of which are
known to be experimentally implemented.
We first show that parity inversion operator Πˆx can be
expressed as
Πˆx ≡ exp
[
pi
2i
(
xˆ2 + pˆ2x −
1
2
)]
. (66)
To see that Πˆx defined in Eq. (66) indeed changes the
parity of the wave function, i.e.,
Πˆxψ(x) = ψ(−x), (67)
we introduce annihilation operator aˆ ≡ (xˆ+ ipˆx)/
√
2 and
rewrite Eq. (66) as
Πˆx = exp
[pi
i
aˆ†aˆ
]
. (68)
Expanding ψ(x) in terms of the complete set of eigen-
functions of the harmonic oscillator ϕn(x) and noting
that ϕn(x) is an even (odd) function of x for even (odd)
n, we obtain
ψ(x) =
∑
n
cnϕn(x), (69)
and
Πˆxψ(x) =
∑
n
cnΠˆxϕn(x)
=
∑
n
cn exp
[pi
i
n
]
ϕn(x)
=
∑
n
cn(−1)nϕn(x)
=
∑
n
cnϕn(−x) = ψ(−x).
(70)
Similarly, in terms of bˆ ≡ (yˆ + ipˆy)/
√
2, we obtain
Πˆy = exp
[pi
i
bˆ†bˆ
]
. (71)
We note that Eqs. (68) and (71) describe unitary evolu-
tions implemented with phase shifters.
We next define two-mode squeezing operator Sˆ(r) as
Sˆ(r) ≡ exp[ir(xˆpˆy + yˆpˆx)], (72)
which transforms input state ψ(x)φ(y) into
Sˆ(r)ψ(x)φ(y)
=ψ(x cosh r + y sinh r)φ(x sinh r + y cosh r).
(73)
In terms of operators aˆ and bˆ already defined, the squeez-
ing operator can be rewritten as
Sˆ(r) = exp[r(aˆbˆ− aˆ†bˆ†)], (74)
which describes the unitary evolution implemented with
a non-degenerate parametric amplifier.
Let us also define SWAP operator Tˆ (θ) as
Tˆ (θ) ≡ exp [−iθ(xˆpˆy − yˆpˆx)] , (75)
which transforms input state ψ(x)φ(y) into
Tˆ (θ)ψ(x)φ(y)
=ψ(x cos θ + y sin θ)φ(−x sin θ + y cos θ). (76)
In terms of operators aˆ and bˆ, the SWAP operator can
be expressed as
Tˆ (θ) = exp[θ(aˆbˆ† − bˆaˆ†)], (77)
which describes the unitary evolution of a beam splitter.
We now consider a unitary circuit as
Uˆ(r, θ1, θ2, p) ≡ Tˆ (θ2)Sˆ(−r)Tˆ (θ1)Πˆpy, (78)
where p takes on 0 or 1. It follows from Eqs. (73) and
(76) that Uˆ transforms the input state ψ(x)φ(y) into
Uˆ(r, θ1, θ2, p)ψ(x)φ(y) = ψ(ax+ by)φ(cx+ dy), (79)
9where parameters a, b, c, d are given by
a = cosh r cos(θ1 + θ2)− sinh r sin(θ1 − θ2),
b = cosh r sin(θ1 + θ2)− sinh r cos(θ1 − θ2),
c = (−1)p+1 [cosh r sin(θ1 + θ2) + sinh r cos(θ1 − θ2] ,
d = (−1)p [cosh r cos(θ1 + θ2) + sinh r sin(θ1 − θ2)] .
(80)
Thus Uˆ(r, θ1, θ2, p) defined by Eq. (79) is equivalent to
Uˆ(a, b, c, d) defined by Eq. (20), provided that Eqs. (80)
are met.
We find from Eq. (80) that the VNM circuit with
(a, b, c, d) = (1, 0,−λ, 1) can be implemented by using
two beam splitters and a nondegenerate parametric am-
plifier with
r = ln
[
λ+
√
λ2 + 4
2
]
, θ1 = θ2 =
1
2
tan−1
λ
2
, p = 0.
(81)
These parameters r and θ1 satisfy the backaction-evading
condition sin 2θ1 = tanh r [24].
On the other hand, the CSM circuit with (a, b, c, d) =
(0, λ−1,−λ, 1) can also be implemented by using two
beam splitters and a nondegenerate parametric amplifier
with
r = ln


√
Λ2+ + 1 +
√
Λ2− + 1
2

 , p = 0,
θ1 =
tan−1 Λ+ − tan−1 Λ−
2
+
pi
4
,
θ2 =
tan−1 Λ+ + tan
−1 Λ−
2
− pi
4
,
(82)
where Λ± ≡ λ ± λ−1. Ozawa has shown that the CSM
circuit for λ = 1 can be constructed by using three T (θ)
and two S(r) operators [3]. In contrast, our method just
described can construct the CSM circuit by using two
T (θ) and one S(r) operators.
SSM circuit (a, b, c, d) = (0, λ−1, (−1)p+1λ, 0) can be
implemented with
r = lnλ, θ1 = θ2 =
pi
4
, p = 0 or 1. (83)
For the special case of λ = 1, Eq. (81) becomes
r = lnϕ, θ1 = θ2 = tan
−1 ϕ− pi
4
, p = 0, (84)
and Eq. (82) becomes
r = lnϕ, θ1 = tan
−1 1
ϕ
+
pi
4
, θ2 = tan
−1 1
ϕ
− pi
4
, p = 0,
(85)
where ϕ ≡ (1 +√5)/2 is the golden ratio.
The foregoing discussion suggests that, from an exper-
imental point of view, it would be more convenient to
use the SWAP operator than the von Neumann opera-
tor. An analogous situation in a spin-1/2 system has
been presented in Ref. [19].
As discussed in Appendix C, it is also possible to ex-
press an arbitrary unitary circuit in terms of the phase
shift operator, SWAP operator, and single-mode squeez-
ing operator. This implies that an arbitrary unitary cir-
cuit can be implemented using phase shifters, beam split-
ters and degenerate parametric amplifiers.
V. DISCUSSIONS
A. Three models
We have analyzed noiseless quantum measurements in
a two-level system and a continuous-variable system and
have shown that there is complete parallelism between
the two-level and continuous-variable systems. As a con-
sequence, we can categorize those measurements into
three classes.
The first class is described by a VNM model. This
model is composed of a CNOT gate or a SUM gate,
and the simplest among the three classes. However, it
cannot break Heisenberg’s noise-disturbance uncertainty
relation because the probability distribution for the out-
come of the measurement depends on the initial state of
the probe.
The second class is described by a CSM model. This
model is composed of two CNOT gates or two SUM gates.
This model can break Heisenberg’s noise-disturbance un-
certainty relation because the probability distribution for
the outcome is independent of the initial state of the
probe. The functional form of postmeasurement wave
function, φ, is arbitrary; however, outcome a of the mea-
surement does affect it as a shift of the coordinate as
shown in Eq. (37).
The third class is described by an SSM model. This
model is composed of three CNOT gates or three SUM
gates. From the viewpoint of experimental realization,
this is the simplest of the three models. This model also
can break Heisenberg’s noise-disturbance uncertainty re-
lation. We can choose the postmeasurement state to
be arbitrary and to depend neither on the outcome of
the measurement nor on the observable to be measured.
The initialization of the state of the system is therefore
straightforward. Moreover, the SSM circuit does not de-
pend on the observable to be measured, because the SSM
circuit exchanges quantum states between the system and
the probe. Therefore, the SSM circuit can be used for
noiseless measurement of an arbitrary observable.
B. Scaling parameter
In the analysis of continuous-variable systems, we have
introduced scaling parameter λ. The degree of freedom
10
afforded by this parameter can be used to improve the
resolution of the probe.
As an example, let us consider the case in which the
wave function of the system is sharply localized around
two points A and B. We assume that the probability dis-
tribution vanishes at the midpoint between A and B. If
the resolution of the apparatus is large compared with
the distance between A and B, we cannot distinguish
between outcomes A and B from the position measure-
ment. However, if we introduce scaling parameter λ into
the measurement, we can extend the distance between A
and B by a factor of λ. Therefore, if we choose an ap-
propriate scaling parameter, we can distinguish between
outcomes A and B.
C. Gravitational-wave detection
The crucial concept in gravitational-wave detection is
the standard quantum limit (SQL) for a free-mass posi-
tion. If a measurement model does not break the SQL,
the model cannot detect gravitational waves. It is known
that CSM for position measurement is an example that
breaks the SQL [6, 7, 8]. We can easily understand, if the
wave function of the probe is prepared in a contractive
state, SSM also can break the SQL [9].
In respect of CSM, if the measurement outcome of the
system is x = a, it is necessary to measure in the next
measurement the position shift from x = a which is a
random variable. Since the probe for gravitational-wave
detection requires a very precise measurement of the po-
sition, we should use a probe having fine resolution in a
certain range over which the value of the outcome is dis-
tributed. In respect of SSM, however, the postmeasure-
ment system state is independent of the measurement
outcome. Therefore, we only have to use the probe with
fine resolution in the vicinity of the origin.
VI. CONCLUSION
In this paper, we have classified noiseless quantum
measurements into three classes in both two-level and
continuous-variable systems. We have analyzed the uni-
tary transformation associated with each of these models
by using quantum circuits. We have proposed a model for
swapping state measurement (SSM) as a noiseless mea-
surement for an arbitrary observable. SSM exchanges
quantum states between the system and the probe be-
fore the projection postulate is applied to the probe.
SSM therefore has the property that the measurement
disturbance depends neither on the observable nor on
the outcome of the measurement, and consequently the
corresponding unitary circuit does not depend on the ob-
servable.
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APPENDIX A: PROOF OF EQ. (47)
We define an operator Bˆ as
Bˆ ≡ σˆ
y
s (Iˆ − σˆxp − σˆzp)− (Iˆ − σˆxs − σˆzs )σˆyp
2
√
3
. (A1)
We use relation Bˆ3 = Bˆ to show that
exp[itBˆ] = Iˆ + Bˆ
∞∑
n=0
(it)2n+1
(2n+ 1)!
+ Bˆ2
∞∑
n=1
(it)2n
2n!
= Iˆ + (i sin t)Bˆ + (cos t− 1)Bˆ2.
(A2)
By noting that UˆDCNOTs-p can be decomposed as
UˆDCNOTs-p = Uˆ
CNOT
s-p Uˆ
CNOT
p-s , we obtain
exp
[
2ipi
3
Bˆ
]
= I + i
√
3
2
Bˆ − 3
2
Bˆ2
=
[
Iˆ + σˆzs
2
+
Iˆ − σˆzs
2
σˆxp
]
·
[
Iˆ + σˆzp
2
+ σˆxs
Iˆ − σˆzp
2
]
=UˆCNOTs-p Uˆ
CNOT
p-s
=UˆDCNOTs-p .
(A3)
APPENDIX B: PROOF OF EQ. (63)
As shown in Sec. IV, parity inversion operator Πˆx can
be expressed as
Πˆx = exp
[
pi
2i
(
xˆ2 + pˆ2x −
1
2
)]
. (B1)
We define operator Cˆ as
Cˆ =
λxˆ2 + λ−1pˆ2x
2
+
λ−1yˆ2 + λpˆ2y
2
− (xˆyˆ + pˆxpˆy)− 1
2
,
(B2)
and consider the following transformation of variables:
Xˆ ≡
√
λ
2
xˆ− yˆ√
2λ
, PˆX ≡ pˆx√
2λ
−
√
λ
2
pˆy, (B3)
Yˆ ≡
√
λ
2
xˆ+
yˆ√
2λ
, PˆY ≡ pˆx√
2λ
+
√
λ
2
pˆy, (B4)
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where
[Xˆ, PˆX ] = [Yˆ , PˆY ] = i, [Xˆ, PˆY ] = [Yˆ , PˆX ] = 0. (B5)
Then Cˆ is expressed as
Cˆ = Xˆ2 + Pˆ 2X −
1
2
. (B6)
Hence,
ΠˆX = exp
[ pi
2i
Cˆ
]
. (B7)
Therefore,
exp
[ pi
2i
Cˆ
]
ψ(x)φ(y)
=ΠˆX
[
ψ
(
Y +X√
2λ
)
φ
(√
λ
2
(Y −X)
)]
=ψ
(
Y −X√
2λ
)
φ
(√
λ
2
(Y +X)
)
=ψ
(
λ−1y
)
φ (λx) .
(B8)
APPENDIX C: REPRESENTATION OF A
GENERAL UNITARY OPERATOR USING
SINGLE-MODE SQUEEZING OPERATORS
We define single-mode squeezing operators Sˆx(r) and
Sˆy(r) as
Sˆx(r) ≡ exp
[
ir
2
(xˆpˆx + pˆxxˆ)
]
, (C1)
Sˆy(r) ≡ exp
[
ir
2
(yˆpˆy + pˆy yˆ)
]
. (C2)
Operator Sˆx(r) transforms wave function ψ(x) into
Sˆx(r)ψ(x) = e
r/2ψ(erx). (C3)
In terms of an annihilation operator aˆ ≡ (xˆ + ipˆx)/
√
2,
Sˆx(r) can be expressed by Sˆx(r) = exp[
r
2
(aˆ2− aˆ†2)]. The
squeezing operator therefore describes the unitary evolu-
tion of a degenerate parametric amplifier.
We now consider a unitary circuit as
Uˆ(r′, θ′1, θ
′
2, p) ≡ Tˆ (θ′2)Sˆy(r′)Sˆx(−r′)Tˆ (θ′1)Πˆpy. (C4)
It follows from Eqs. (76) and (C3) that Uˆ transforms the
input state ψ(x)φ(y) into
Uˆ(r′, θ′1, θ
′
2, p)ψ(x)φ(y) = ψ(ax+ by)φ(cx+ dy), (C5)
where parameters a, b, c and d are given by
a = cosh r′ cos(θ′1 + θ
′
2)− sinh r′ cos(θ′1 − θ′2),
b = cosh r′ sin(θ′1 + θ
′
2) + sinh r
′ sin(θ′1 − θ′2),
c = (−1)p+1 [cosh r′ sin(θ′1 + θ′2)− sinh r′ sin(θ′1 − θ′2)] ,
d = (−1)p [cosh r′ cos(θ′1 + θ′2) + sinh r′ cos(θ′1 − θ′2)] .
(C6)
If we take
r′ = r, θ′1 = θ1 −
pi
4
, θ′2 = θ2 +
pi
4
, (C7)
then Eq. (C6) coincides with Eq. (80). Therefore, the
parameters r′, θ′1, θ
′
2 for the VNM, CSM and SSM cir-
cuits can be determined from Eqs. (81), (82) and (83),
respectively.
Incidentally, the SSM circuit can also be implemented
by using a circuit described by
Sˆy(lnλ
−1)Tˆ
(pi
2
)
Sˆy(ln λ)Πˆ
p
y. (C8)
This circuit has the advantage that system’s squeezing
operator Sˆx(r) is not necessary.
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